IDEALS OF TAMBARA FUNCTORS 



HIROYUKI NAKAOKA 



Abstract. For a finite group G, a Tambara functor on G is regarded as a 
G-bivariant analog of a commutative ring. In this article, we consider a G- 
bivariant analog of the ideal theory for Tambara functors. 
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1. Introduction and Preliminaries 

For a finite group G, a Tambara functor is regarded as a G-bivariant analog of a 
commutative ring, as seen in [9] . As such, for example a G-bivariant analog of the 
semigroup- ring construction was discussed in [3] and [4] , with relation to the Dress 
construction [5] . As part of this analogy, in this article we consider a G-bivariant 
analog of the ideal theory for Tambara functors. 

In section 2, we define an ideal of a Tambara functor, and show the fundamental 
theorem on homomorphisms for Tambara functors (Proposition 2.10, Remark 2.11). 

In section 3, we perform some operations on ideals (intersections, products, and 
sums), and show that an analog of the Chinese remainder theorem holds for any 
Tambara functor (Corollary 3.19). 

In section 4, we define a prime ideal of a Tambara functor, and construct the 
prime spectrum of a Tambara functor (Proposition 4.8 and Theorem 4.9). We may 
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define an analog of an integral domain (resp. a field), by requiring the zero- ideal 
(0) C T is prime (resp. maximal). We give a criterion for a Tambara functor to 
be a 'field' (Theorem 4.32), and show that the Burnside Tambara functor is an 
'integral domain' (Theorem 4.40). 

In section 4 we also show that any Tambara functor has a canonical ideal quo- 
tient, contained in a fixed point functor (Theorem 4.24). For example, this canonical 
quotient obtained from fl becomes isomorphic to the fixed point functor associated 
to Z (Example 4.25). 

Throughout this article, we fix a finite group G, whose unit element is denoted 
by e. Abbreviately we denote the trivial subgroup of G by e, instead of {e}. 
H < G means iJ is a subgroup of G. cset denotes the category of finite G-sets 
and G-equivariant maps, li H < G and g G G, then denotes the conjugate 

A monoid is always assumed to be unitary and commutative. Similarly a ring 
is assumed to be commutative, with an additive unit and a multiplicative unit 

1. Wc denote the category of monoids by Mon, the category of rings by Ring. A 
monoid homomorphism preserves units, and a ring homomorphism preserves and 
1. 

For any category "if and any pair of objects X and Y in the set of morphisms 
from X to y in <^ is denoted by <^(X, Y). 



First we briefly recall the definition of a Tambara functor. 

Definition 1.1. A Tambara functor T on G is a, triplet T - 

covariant functors 

T+ : Gset Set, T, : cset Set 
and one contravariant functor 



(T*,r+,r.) of two 



T* : Gset^ Set 
which satisfies the following. Here Set is the category of sets. 

(1) T" = (r*,r+) is a Mackey functor on G. 

(2) T'^ = (T*,T.) is a semi-Mackey functor on G. 

Since r",r'' arc semi-Mackey functors, we have T*{X) = T+{X) = T,{X) 
for each X e Oh{Gset). We denote this by T{X). 

(3) (Distributive law) If we are given an exponential diagram 



X- 



Y- 



A- 



exp 



B 



in Gset, then 



T{X)^T{A)^TiZ) 



T.{f) 

T{Y) 



T.(P) 

■T{B) 



is commutative. 
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If T = {T* ,T+,Tt) is a Tambara functor, then T{X) becomes a ring for each 
X € Ob(Gset), whose additive (resp. muhiplicative) structure is induced from that 
on r"(X) (resp. T^(X)). Those T*{f),T+{f),T,{f) for morphisms / in cset are 
called structure morphisms of T. For each / e cset{X, Y), 

• T*(/) : T(y) T(X) is a ring homomorphism, called the restriction along 
/• 

• T+{f): T{X) — > is an additive homomorphism, called the additive 
transfer along /. 

• T,{f): T{X) T{Y) is a multiplicative homomorphism, called the multi- 
plicative transfer along /. 

T*{f),T+{f),T,{f) are often abbreviated to f*J+,f,. 

A morphism of Tambara functors (fi: T ^ S is a family of ring homomorphisms 

V = Wx: T{X) ^ S{X)}xeOb{aset), 

natural with respect to all of the contravariant and the covariant parts. We denote 

the category of Tambara functors by Tam{G). 

Remark that if / G Gset{X.Y) is a G-map between transitive G-sets X and Y, 
then the number of elements in a fiber of / 

U-\y) = i{x&X\f{x)=y} 

does not depend ony & Y. This is called the degree of /, and denoted by deg/. 

Definition 1.2. A Tambara functor T is additively cohomological if is coho- 
mological as a Mackey functor ([!]), namely, if for any / e Gset{X,Y) between 
transitive X,Y £ Ob(Gsei), 

/+r(6) = (deg/)6 CbeT{Y)) 

is satisfied. 

In this article, a Tambara functor always means a Tambara functor on G. 

Example 1.3. 

(1) If we define fl by 

n{X) = Ko{Gset/X) 

for each X G Oh{GSet), where the right hand side is the Grothendieck 
ring of the category of finite G-sets over X, then Q becomes a Tambara 
functor on G. This is called the Burnside Tambara functor. For each 
feGsetiX,Y), 

f, : n{X) ^ Q{Y) 
is the one determined by 

f,{A 4 X) = (UfiA) 4 Y) C{A 4 X) G Oh{Gset/X)), 
where 11/ (A) and tt is 



Ilf{A) = { {y,a) 



y&Y, 

a: f~^{y) ^ A a map of sets, 
poa = idj-i(j,) 

7i"(2/,o-) = y. 
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G acts on 11/ (A) by g ■ (y^cr) = {gy,%), where % is the map defined by 

%(x) = ga(.9-ix) Cxef-'igv))- 

(2) Let i? be a G-ring. If we define Vr by 

Vb,{X) ^ {G-maps from X to R} 

for each X e Ob(Gsei), then becomes a Tambara functor on G. This 
is called the fixed point functor associated to R. 

For the properties of exponential diagrams, see [6]. Here we only introduce the 
following. 

Remark 1.4. Let / € Gset{X,Y) be any morphism, and let V: XUX ^ X he the 
folding map. Then 

X xnx — uuu' 



where 



V 
U 
U' 



exp 



tut' 



Y ■ 



V 



{(y,G) Iyer, GC/-i(y)}, 

{(x,G) |xeX, GC/-i(/(a;)), x € G}, 

{{x,C)\x&X, CCf-\f{x)), x^C}, 



r:U ^ X 
r':U'^X 

t-.u^v 

t':U' 
s:V^Y 



(x, G) !->■ X, 
(x, G) !->■ X, 
(x,G)^(/(x),G), 
(x,G)^(/(x),G), 
{y,C) ^ y, 



is an exponential diagram. 



Any Tambara functor satisfies the following properties, which will be frequently 
used in this article. 

Fact 1.5. ([6]) Let T be a Tambara functor. 

(1) For any G-map / G Gset{X, Y), if we let ij be the inclusion 

7T.Y\f{X)^Y, 

then we have /,(0) = J7-|-(l). 

(2) (Projection formula) For any / e Gset{X,Y), a e T{X) and b G T(y), we 
have 

f+{ar{b)) = f+{a)b. 

(3) (Addition formula) For any / e Gset{X, Y), in the notation of Remark 1.4, 
we have 

f,{a + b) = s+{t,r*{a)-ty*{b)) 
for any a,b € T{X). 
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2. Definition and fundamental properties 
2.1. Definition of an ideal. 

Definition 2.1. Let T be a Tambara functor. An ideal of T is a family of ideals 
J^(X) C T{X) C^X e Ob(Gsei)) satisfying 

(i) f*{y{Y)) c j^{x), 

(ii) f+{J^{X)) C J^{Y), 

(iii) /.(^(x))c/.(o) + j^(y) 

for any / e Gsef(X, F). These conditions also impfy 

for any Xi,X2 G Ob(G..set). 

Obviousfy when G is trivial, this definition of an ideal agrees with the ordinary 
definition of an ideal of a commutative ring. 

Remark 2.2. Let T be a Tambara functor. For any ideal C T, we have J^(0) = 
T(0) = 0. 

Example 2.3. Trivial examples of ideals arc the following. 

(1) ^ = T is an ideal of T. Often we except this trivial one. 

(2) If we let y{X) = for each X e Oh{Gset), then C T is an ideal. This 
is called the zero ideal and denoted by (0). 

If T is a Tambara functor, then T" becomes a Green functor, with the cross 
product defined by 

cr:T^{X)xT^{Y)^T"{X xY) ; {x,y) >^ p*x{x) ■ p*y{y) 

for any X,Y G Oh{Gset). (See [7] or [3].) 

With this underlying Green functor structure, an ideal C T gives a functorial 
ideal C T". A functorial ideal is originally defined in [8], and written in the 

following form using the cross prodiict in [2] . 

Definition 2.4. Let A be a Green functor on G. A functorial ideal of A is a 
Mackey subfunctor y C A, satisfying 

cr(J^(X) X A{Y)) C J^{X X Y) 

cr{A{X) X J^{Y)) C J^{X X Y) 

for any X,y € Ohio set). 

It is shown that Aj ^ = {A(X)/j^(X)}xeob(G«et) naturally becomes a Green 
functor, with structure morphisms and cross product induced from those of A ([8], 
[2]). 

Lemma 2.5. Let T he a Tambara functor, and let ^ C T be an ideal. Then 

j; (- iigQQjYigg (J functorial ideal. 

Proof. Since T" is commutative as a Green functor, it suffices to show 

cr{T"{X) X y{Y)) C y{X X Y) 
for each X,Y G Oh{Gset). This immediately follows from 

P*x{x) ■P*Yiy) e P*x ■ ^{X xY)C J^{X X Y) 
foranya;eT«(X)=T(X)andye=/(F). □ 
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Proposition 2.6. Let he an ideal of a Tambara functor T . Then 

T/,J? = {T{X)/J{X)}xeOHaset) 

has a natural structure of a Tamhara functor induced from that ofT. 

Moreover, projections T{X) T{X)/ J^{X) give a morphism of Tambara func- 
tors T T/J. 

Proof. By Lemma 2.5 T/^ becomes a Green functor, with induced restrictions 
and additive transfers. Thus it suffices to show that multipHcative transfers are 
well-defined by 

/. : T(X)/,/{X) ^ T{Y)/.f{Y) ; x + ^(X) ^ /.(x) + J{Y), 

for each / e Gset{X,Y). This well-definedness follows from the addition formula. 
In fact, in the notation of Remark 1.4, we have 

f.{x + J{X)) 





s+{t,r*{x) ■ 


■ ty*{j^{x))) 


c 


s+{t,r*{x) ' 


■t',{y{U'))) 


c 


s+{t,r*{x) ' 


.{t',{0) + y{V))) 


c 


s+{it,r*{x) 




c 


s+(i.r*(.x). 


.t:{o))+j^{Y) 




f,{x) + ^{Y). 



The latter part is trivial. □ 

Example 2.7. Let m be an arbitrary integer. Let O be the Burnside Tambara 
functor, and let mil C f2 be a family of ideals 

mn = {m{n{X))}xeOh{Gset)- 

Then mfl C fl" is a functorial ideal in the sense of Definition 2.4, while it is not 
necessarily an ideal of in the sense of Definition 2.1, except m = 0, ±1. 

In fact, when G = Z/2Z, for the canonical projection pf : G/e G/G, we have 

(p^).(2(G/e ^ G/e)) = 2(G/G 4 G/G) + (G/e ^ G/G), 

and thus (pf ).(217(G/e)) C (pf ).(0) + 20(G/G) is not satisfied since (pf ).(0) = 0. 

Definition 2.8. Let T be a Tambara functor. For each / e Gset{X,Y), define 
/,: T{X)^T{Y) by 

f,{x) = f,{x) - f,{0) 

for any x G T{X). With this definition, the condition (iii) in Definition 2.1 can be 
written as 

(iii)' /,(j^(X))c j^(y). 

Lemma 2.9. Let T be a Tambara functor. Then, we have the following for any 

feGset{X,Y). 

(1) f\ satisfies f\{x)f\{y) = f\{xy) for any x,y G T{X). 

(2) If f is surjective, then we have f\ = /• . 
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(3) // 



□ 



is a pull-back diagram, then f!£,* = r]*ft holds. 
(4) // 



f exp 
Y ^ n 

7r 

is an exponential diagram, then ir+px A* = f\p+ holds. 
(5) // S is another Tamhara functor and if: T ^ S is a morphism of Tambara 
functors, then (fyfl = f\ holds. 

Proof. (1) follows from 

mf^{y) = if.ix) - f,{0)){f,{y) - f,m 

= Mx)f,{y) - /.(x)/.(0) - /.(0)/.(y) + /.(0)/.(0) 

= Mx)f,{y) - f,{0). 

(2) follows from the fact that /](0) = is satisfied for any surjective / (Fact 1.5). 

(3) follows from that, for any x G T{X), 

nc{x) = /:r(2^)-/:(o) - /:r(2;)-/:r(o) 

= r?*/.(x)-r;*/.(0) = - /.(O)) = V*{Mx)). 

(4) follows from that, for any a € T{A), 

Tr+piX*{a) = 7r+(p.A*(a) -p.A*(0)) 
= 7r+p,A*(a) - 7r+/9,A*(0) 
= - /.P+(0) = f\P+{a). 

(5) follows from the additivity of (fi. 

□ 

Proposition 2.10. If ip: T ^ S is a morphism of Tambara functors, then Kerip = 

{Ker{(px)} xeOHcset) is an ideal ofT. 

Proof. Condition (iii)' in Definition 2.8 follows from (5) in Lemma 2.9. The other 
conditions are obviously satisfied. □ 

Remark 2.11. If (p: T — >■ S is a morphism of Tambara functors, then it can be 
shown easily that Im(p = {Im{ipx)} xeOh(Gset) is a Tambara subfunctor of S, and 
we have a natural isomorphism of Tambara functors 

— 

Tf Ker ip — > Im (p, 

compatible with ip and the projection T T/Ker(p. 

Proposition 2.6 and Proposition 2.10 mean that the ideals of a Tambara functor 
T and projections from T correspond essentially bijectively. 
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In this article, we say a morphism of Tambara functors ip: T ^ S is surjective 
if (fix is surjective for any X G Oh{Gset). 

Proposition 2.12. 

(1) Let (fi: T ^ S be a morphism in Tam{G). If we define by 

{v-\/)){X) = <p-^\/{X)) CX e Oh{Gset)) 
for each ideal ^ C 5, then ip~^ gives a map 

ip-^ : { ideals of S} ^ { ideals of T} ; J ^ 

which preserves inclusions of ideals. 

(2) Let (p: T ^ S be a surjective morphism of Tambara functors. If we define 
fi^) by 

<fi{y){X) = >fix{y{X)) CX e Ob(Gsei)) 
for each ideal C T containing Ker ip, then this gives a map 
{ ideals of T containing Ker <^ } ^ { ideals of S} ; ^ 

which preserves inclusions of ideals. 

(3) Let be an ideal ofT, and let p: T ^ T/J^ be the projection. Then the 
maps in (1) and (2) give a bijection 

p~^ : { ideals of T/y } { ideals of T containing J" }. 
Proof. These follow immediately from the definition. □ 

For any X € Ob(Gsei), we denote the unique map from X to the one-point set 
G/G by ptx-. X^ G/G. 

Proposition 2.13. Let J'^ CT be an ideal. Then the following are equivalent. 

(1) y = T. 

(2) 1 e J^(X) for any X e Oh{Gset). 

(3) 1 e y{X) for some ^ X e Ohiaset). 

Proof. Obviously (1) and (2) are equivalent, and (2) implies (3). Thus it suffices 
to show that (3) implies (2). 

Assume satisfies 1 e y{X) for some non-empty X G Oh{Gset). Remark 
that wc have /,(0) = for any surjective map / G Gset{X, X'). Especially if 
X' = G/G, then (ptx)»(0) = 0. Thus by condition (iii) in Definition 2.1, we 
have 1 = (ptx)»(l) G ■J^{G/G). Consequently for any Y € Ob(Gsei), we have 
1 = pt;.(l) e J'{Y). □ 

We have the following type of ideals. (We remark that, not all the ideals are of 
this form. See Example 4.27.) 

Proposition 2.14. Let T be a Tambara functor, and I C T{G/e) be a G-invariant 
ideal ofT{G/e). Then there exists an ideal J'l GT satisfying ^liGje) = I. 

Moreover by construction, J^i is the maximum one among the ideals J' satisfying 
J{Gle) = I. 
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Proof. For each X e Ohiaset), define J^iiX) by 

(2.1) yj{x)= fi (7*)-^/). 

'yeGset{G/e,X) 

Obviously J^/ satisfies J'i{G/e) = I. It remains to show J^/ is closed under f*,f+, f] 
for each / G Gset{X,Y). 

Let / e Gsei(X,r) be any G-map. Obviously we have /*(j^/(r)) C J?/(X). 
We show f+{J^i{X)) C J^(F). ( /!(J^7(X)) C y{Y) is shown in the same way.) 
For any 7^ e Gset{G/e,Y), take a pull-back diagram 

X' X G/e 



□ 



X^Y. 

Then we have jyf+i^) — f+^*{^) for each x G J^/(X). Since any point in X' has 
a stabilizer equal to e, we may assume this diagram is of the form 

UG/e^G/e 

□ 7v 



where IIG/e is the direct sum of n-copies of G/e for some natural number n. Thus 

n 

we have 

l<i<n 

for some gi G G and 7^ G Gset(G j e,X) (1 < i < n). Since / is closed under the 
action of G, this implies 7^/+(x) G /, and thus /+(a;) G ^/(F). □ 

3. Operations on ideals 

Some operations for the ideals of Tambara functors can be performed, in the 
same manner as in the ordinary ideal theory for commutative rings. 

Notation 3.1. Let T be a Tambara functor on G. If $f is a subset of ]J T{X), 

XeOb(Gset) 

we say '^^ is a subset of T\ and write abbrcviatcly C T. 

For any subset ^ C T, we put <^{X) = ^ n T{X) (^X G Ob(Gsei)). In this 
notation, remark that we have ^ = ]J '^i^)- 

XeOh(Gset) 

3.1. Intersection of ideals. We can take the intersection of ideals. This enables 

us to consider a generator of an ideal. 

Proposition 3.2. Let T be a Tambara functor and let {J^aIagA be a family of 
ideals ofT. If we define a subset CT by 



je{X) = {f]yx{X)}xeOHaset) 



10 



HIROYUKI NAKAOKA 



for each X e Oh{Gset), then becomes an ideal ofT. This is called the intersec- 
tion of {J^aIaga, and denoted by J(f = fl'^A- If {-^\}xeA is a finite set of ideals 

{^1, . ■ ., J'e}, we also denote it by 

P|^A= n =^^ = ^l^•••^^^• 
AGA i<i<i 

Proof. This immediately follows from the definition of ideals. □ 

Definition 3.3. Let C T be a subset. The ideal generated by ^ is defined as the 
intersection of ideals containing all elements in 'S: 

QT ideal | $f C ^ }. 

Obviously this is the smallest ideal containing 'S . We denote this ideal by (^^), and 
call the generator of this ideal. If is a finite set = {ai, a2, . . . , at} C T, then 
we denote ($^) by (oi, 02, . . . , ae). In particular if a is an element of T, then ({a}) 
is denoted by (a). 

Proposition 3.4. Let T be a Tambara functor, and let a G T{A) be an element 
for some A e Oh{Gset). Then (a) can be calculated as 

(3.1) {a){X) = {a = u+{c ■ (ww*(a))) \ X C D ^ A, ce T(C)} 

for any X e Oh{Gset). 

Proof. Denote the right hand side by ^a(X). Since (a) is closed under fi, w* , 
obviously we have {a){X) 13 J^a(^) for any X G Oh{Gset). Thus it suffices to show 
that J^a = {ya{X)}xGOh{Gset) forms an ideal of T. 

First wc show ,_/a{X) is an ideal of T{X) for each X g Oh{Gset). Suppose we 
are given two elements in J^a(X) 

a = U-^-{c ■ {v\w* (a))) and a' = u'_^_{c' ■ {v{w'* (a))) 

with 

X^C^D^A, ce T(C), 
X^C'^D'^A, c'€ T{C'). 

Then for 

Xt^ CnC'"^ DMD""-^ A, (c, c') e T(C E C"), 

we have 

a + a' = {uV^u')+{{c,c') ■ {vnv')^{wV^w')*{a)) € Ja{X). 

(Here we used the identification T{C E C) S T{C) x r(C").) Besides, for any 

r € T(X), we have 

ra = r ■ {u+{c ■ {v\w*{a)))) = u+{ {u*{r) ■ c) • {v\w*{a)) ) e o$^a(-'^)- 

Thus J^a{X) C T(X) is an ideal. 

It remains to show is closed under ( )+, ( ), and ( )*. 

Let / G Gset{X,Y) be any morphism. For any a = u+{c ■ {v\w*{a))) e ^aiX) 
as in (3.1), we have 

f+{a) = {fou)+{c-{v,.w*{a))) G ^^F). 
Thus f+{MX)) C J^a{Y). 
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If we take an exponential diagram 



f 



exp 



/' 



Y 



C 



and a pull-back 



D- 



□ 



D' 



Z , 



then we have 



f\{a) = f\u+{c-{v\w*{a))) = u^flp* {c ■ {v\w* {a))) 

= u\{{f{p*{c))-{{rov'Uwop'y{a))) G Ja{Y). 

Thus/,(.A(^))c^„(r). 

Lc^t g e Gset{W,X) be any morphism. For any a = u+(c • {v\w*{a))) G J^a{X) 
as in (3.1), if we take pull-backs 



W- 



X 



□ 



g' □ 



D 



then we have 

9*{a) = (''!«'*(«))) = u'+g'*{c-{v\w*{a))) 

= u'4g'*{c)-{v{{wog"y{a))) € J^a{W). 
Thus AW- 



□ 



3.2. Some remarks on Noetherian property. 

Proposition 3.5. LetT be a Tambara functor on G. IfT{X) is a Noetherian ring 
for each transitive X e Oh{Gset), then any sequence of ideals 

(3.2) J^i C J^'a C C • • • C T 

should be stable. 

Proof. Assume we are given a sequence of ideals (3.2). For each transitive X, a 
sequence of ideals 

•W) C .^2{X) c ^3(X) c . . . C T{X) 
is induced, and there exists a natural number nx such that ^„^(X) = UJ^n{X), 

n 

since T{X) is Noetherian. If we put no = maxinjf | X e Ohi^Qset) transitive}, 
then we obtain J^na = Uo/„. □ 

n 

Proposition 3.6. Let T be a Tambara functor, and ^ C T be an ideal. If J' is 
generated by a finite subset ^ CT, then ^ can be generated by a single element. 
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Proof. Suppose is generated hy 1^ — {si, . . . ,Sn} for some Si G T{Xi). Put 
X = XiJl ■ ■ Jl Xn, let h: Xi ^ X he the inclusion (1 < ''^i < n), and put 

(3.3) s = Li+{si)-\ ht„+(s„). 

It suffices to show that an ideal ^ of T contains f# if and only if ^ contains s. 
This follows immediately from (3.3) and Sj = l*{s) (1 < < n). □ 

3.3. Product of ideals. 

Proposition 3.7. Let y,^CTbe ideals. If we define a subset J(f CT by 

J(r{X) = {x€ T{X) I x=p+{ab) for some p G Gset{A,X),ae J^{A),be /{A)} 

for each X e Oh{Gset), then is an ideal ofT. This is called the product of J' 
and ^ , and denoted by ^ = J'^ . 

Proof. First we show ,Jf(X) C T(X) is an ideal for each X. Let x = p+{ab) and 
x' = p'j^{a'b') be any pair of elements in ,J^{X), where 

p e Gset{A,X),a(. J^{A},be J {A), 
p' e Gset{A',X),a' € J^{A'),b' € J" {A'). 

Then, for p Up' e Gset{AU A' , X), (a, a') e J^{AUA') and {b,b') € J{AUA'), 
we have 

x + x' = p+{ab)+p'_^_{a'b') = {pU p')+{ab,a'b') 
= {pyjp')+{{a,a')-{b,b')) Gjr(X). 

(Here we used the identification J{A\1A') ^ J^{A) x J{A'), /{AHA') ^ 
^{A) X /{A').) Also for any r e T{X), we have 

rx = rp^{ab) = p^{p*{r)ab) G J(f{X). 

Thus Jf{X) is an ideal of T(X). 

To show is an ideal of T, it suffices to show is closed under f*, f+, f\ for 
any / e Gset{X, Y). Let x = p+{ab) be any element in J(f{X) as above. Then we 
have f+{x) = (/ o p)+{ab) e jr(F). Thus f+{J^{X)) C ^(F). Also, if we take 
an exponential diagram 

X^A^Z 

f exp p 

7r ' 

then we have 

f,Xx) = f,p+(ab) = TT+piX*{ab) = Tr+{piX*{a)- p,X*{b)) Gje'{Y). 

Thus f\{.J^{x)) c jr(y). 

Let 2/ = q+{cd) be any clement in Jf{Y), where q G Gset{B,Y), c G -^(-B), 
d e /{B). If we take a pull-back diagram 

A^B 

p D 1 
T y 

X—r^Y, 
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then we have 

riy) = rq+{cd) = p+g*{cd) = p+{g*{c)g*{d)) € J(r{X). 

Thus /*(jr(y)) c jr(x). □ 

Remark 3.8. Let T be a Tambara functor. 

(1) For each ideals and of T, we have J' J ■ 

(2) For each ideals and ^ of T, we have 

for any X S Ob(Gset). Here, the left hand side is the ordinary product of 
ideals in T(X). 

(3) If J^i C ^2 C J-i are ideals of T, then we have Jx-^i C ^1^2- 
Proof. These immediately follows from Proposition 3.2. □ 
Proposition 3.9. If J^\,J'2-,'^s are ideals of a Tambara functor T , then we have 

(^lJ^2)J^3 = ^1(^2^3). 

More precisely, for any X e Ohicset), both {{■^\J'i)J^){X) and {■^\{J'i'^z)){X) 
agree with the set 

^laAX) = I P+iaia^a;) e T{X) p € Gset{A,X), ^ f^^^^^ 

Inductively, for any ideals ^1,^2, ■ ■ ■ , T, we have 

{y,J^2---ye){X) = l^p+{a,a2---a,) peGset{A,X), (Jlf^^^j j- 

Especially, ■J'\^2' ■ ■ --^i does not depend on the order of the products. For each 
n e N, we denote the n-times product of an ideal ^ CT by J^". 

Proof. We only show 

((J^1^2)J^3)W==^1,2,3W 

for each X G Oh{Gset). J(fi^2,3{X) = {J'i{J'2'^i)){X) can be shown in the same 
way. 

By definition of the product, we have 

(3.4) ((^lJ^2)J^3)(^) = { P+(6l9+(62&3)) 



p G Gset{A,X), . ^ a (n\ 



Thus ((J^iJ^2)J^3)(^) 2 ^i,2,3(^) follows if we put B = A, q = id^ and 
bi = ai {1 <i <3). 

Conversely, any element p+(6ig+(62&3)) as in (3.4) is written as 

P+{hq+{b2b3)) = p+{q+{q*{bi)b2b3)) 
= (pog)+(g* (61)6263)) 
by the projection formula, which means ((J^i J^2)=^3)(-'^) C J(fi^2,3{X). □ 
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Lemma 3.10. Let 



□ 



P2 



be a pull-back diagram in a set, and put 

U = Ui O pi = U2OP2. 

Then for any ai G T{Ci) and a-i G T{C2), we have 

ui+(q!i) • U2+{a2) = u+(pl{a-i) ■pl{a2)). 
Proof. By the projection formula, we have 

u\+{ai) ■ U2+{a2) = U2+{{u*2Ui+{ai)) ■ a2) = M2+((p2+K("i)) ' "2) 
= U2+{p2+{p*i{ai) ■ p*2{a2))) = u+{pl{ai) ■pl{a2)). 



□ 



Proposition 3.11. Let T be a Tambara functor, and let ai G T{Ai), a2 G T{A2) 
be elements for some A\,A2 G Oh{Gset). Then, {ai){a2) can be calculated as 



((ai)(a2))(X) = 



u+{cSi62) 



VI Di^Ai Si = viiwKai) 

X^C^ S2 = V2\'W2{a2) 

c e T(C) 



v.-D2^A2 



for any X G Ob(Gset). 



p+{ui+{ai)u2+{a2)) 



> . 



Proof. Denote the right hand side by Ji^ai,a2{^)- By Proposition 3.4 and Proposi- 
tion 3.7, {{ai){a2)){X) is equal to the set 
(3.5) 

ai = ci • (vvwKai)) 
B^Ci^Di^Ai a2 = C2 • (w2'W2(a2)) 

B^C2^D2^A2 Ci e r(Ci), C2 G T{C2) 

p£GsetiB,X) 

Thus ((ai)(a2))(X) D J^ai,a2(-'^) is shown, by letting B = Ci = C2 = C, Ui = 
U2 = idc, ci = c, C2 = 1 and p = u in (3.5). 

Conversely, we show ((ai) (a2))(X) C J^ai,a2iX). Let w = p+{ui+{ai)u2+{a2)) 
be any element in ((ai)(a2))(X) as in (3.5). If we take pull-backs 

Di ^ D[ 



Ci 



B 



□ 
□ 



P2 □ 



D' 



* — C2 ^ i:'2 , 

■1*2 ^1)2 ' 



and put u = ui o pi = U2 o P2, then by Lemma 3.10, we have 
UI = p+{ui+{ai)u2+{a2)) = p+u+(pl(ai)p2{a2)) 

= {p°u)+{pI{ci) ■P2{c2) ■ {vuiwi o qi)*{ai)) ■ {v2\{w2 o q2)* {02))) 

e Ai,a2W, 
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and thus {{ai}{a2)){X) C □ 

Corollary 3.12. Let y QT be an ideal, and let a G T{A), b G T{B) be elements 
for some A,Bg Oh{Gset). Then, the following are equivalent. 

(1) (a)(6) Cj^. 

(2) For any C G Oh{Gset) and any pair of diagrams 

(3.6) c^D^A, cto'^B, 
J{C) satisfies {vnij*{a)) ■ {v[w'*{b)) £ ^(C). 

Proof. By Proposition 3.11, (a)(6) C ^ if and only if for any 

X,C eOhiaset), p€Gset{C,X), c€T{C), 

and any pair of diagrams (3.6), 

p+{c- {vnv*{a,)) ■ (ij:u/*{b))) e ,^{X) 

is satisfied. Since y is an ideal, if {v\w*{a)) ■ {v', w'*{b)) G ^(C), then automatically 
p+{c ■ {viw*{a)) ■ {v[w'*{b))) e J^lx) follows.' Thus (a)(6) C if and only if ^ 
satisfies condition (2). □ 

3.4. Sum of ideals. 

Proposition 3.13. Let {J^aIaga be a family of ideals in T. If we define a subset 
J(rcT by 

jr(x) = ^^,(x) 

AeA 

for each X G Oh^c set), where the right hand side is the ordinary sum of ideals in 
T{X), then is an ideal ofT. This is called the sum o/{j^A}AeA; and denoted 

by yf = ^Jx. Obviously, this is the smallest ideal containing J\ for all A. If 

AeA 

{j^AjAeA is a finite set of ideals {J^i, . . . , J^^}, we also denote it by 

^^\= = J^i + • • • + J^^ 

AeA i<j<^ 

Proof. Since the other conditions are trivial, we only show J(f satisfies 

c j(f{Y) 

for any / G Gset{X,Y). Namely, for any finite sum x = flj with a, G J'\^{X) 

l<i<k 

and for any /, we show f\{x) G J(f{Y). Obviously this is reduced to the following 

case of the finite sum: 

Claim 3.14. //^i, . . . , J^^ are ideals ofT, then a subset J(f C T defined by 

jr{X) = J^{X) + • • • + Jt{X) (^X G Oh{Gset)) 
becomes an ideal C T . 

Moreover, by an induction, it suffices to show Claim 3.14 for t = 2. 

Let ^ , ^ be ideals, and let a G J'{X), b G ^{X) be any pair of elements. 
Then for any / G Gset{X, Y), we have 

(3.7) f,ia + b) = s+{t.r*{a)-t:r'*ib)) 
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in the notation of Remark 1.4. Since t,{j^{U)) C t,(0) + J^{V), there exists an 
element a e J^(V) such that t,r*{a) = t,{0) + a. Similarly there is /3 e J^{V) 
such that ty*ib) = t',(0) + /3. Then we have 

(3.7) = s+(t.(0)t'.(0) +at'.(0) +t.(0)/3 + a/3) 

c s+{t.ioKm + y{Y) + J{Y) + n J){Y) 

= /.(o) + ^(F) + ^(F) + (j^n/)(y) 

c /.(o) + ^(y) + ^(y). 

Thus Claim 3.14 is shown, and Proposition 3.13 follows. □ 
Proposition 3.15. // J^, ^' C T are ideals, we have 

+ J){J^' + J') = JJ' + J J' + + JJ'. 

Proof. First wc show {j? + J){J" + J') C + + J'J + For any 

X € Ohicset), any element a e (J^ + ^)(J^' + </')(^) is of the form 

a = p+{{a + b){a' + b')), 

where p e Gset{A,X), a G J^(A), a' e J^'(A), 6 e ^{A), b' e ^'(A), and thus 
we have 

a = p+ {aa') + p+ {ab') + p+ {ba') + p+ {bb') 

Conversely, let /3 be any element in {JU^' + J J' + J' J + JJ'){X). There 
exist 

pi e Gset(Ai,X), ai e =/(Ai), a'l e J' {Ax) 
P2 e Gset(A2,^), 02 e =^(^2), 6^ e ^'(^2) 

P3 e Gset{A3,X), ai, e ../'(A3), 63 € ^(^3) 

P4 e Gse<(A4,^), 64 e ^(^4), b'i e ^'(^4) 

such that 

(3.8) /3 = pi+(aia'J + P2+(a262) + P3+(a3^3) + P4+(&4&1)- 

If we put A = II ^2 U ^3 U ^4 and put 

a= (ai,a2,0,0) £ J^{A) 

a' = (a'i,0,4,0) eJ^'(A) 

6= (0,0,63,64) eJ^iA) 

6' = (o,6^,o,6;) e^'(A) 

(here, we used the identification J^{A) ^ J^{Ai) x J^(A2) x J^iA^) x J{A^), and 
so on), then we have 

(^ + ^)(^' + /')W 3 p+((a + 6)(a' + 6')) 

= p+(aia'i,a262, 6303, 6464) 

= pi+(aiai) +p2+(a262) +P3+(^3a3) +P4+(6464). 

By (3.8), we obtain ^ e (=/ + ^)(=/' + ^')(^)- ^ 

Definition 3.16. Let J , C T be ideals. J and ^ are coprime if + ^ = T. 
If J^i, . . . , J^i C T are ideals, J^i, . . . , J^e are pairwise coprime if J^j and are 
coprime for any 1 < i < j < £■ 
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Remark 3.17. Let ^ C T be ideals. By Proposition 2.13 and Proposition 3.13, 
the following are equivalent. 

(1) and ^ are coprimc. 

(2) J^{X) and ^{X) are coprime for any X G Oh{Gset). 

(3) y{X) and J^{X) are coprime for some ^ X e Ob(Gsei). 

Corollary 3.18. Lei J^, ^ CT be ideals. If J' and ^ are coprime, then we have 

y{x)^{x) = j^j{x) 

for any X e Ob(Gsei). Here, the left hand side is the ordinary product of ideals in 
T{X). 

Proof. Assume and ^ are coprime. By Remark 3.17, ^{X) and ^ {X) are 
coprime for any X e Ob(Gsei). Then by the ordinary ideal theory for commutative 
rings, we have 

'^{X)/{X) = J{X)n/{X). 
On the other hand, by Remark 3.8, we have 

J^{X)/{X) C jr/iX) C J^{X) n /{X). 
Thus it follows J'{X) J{X) = JJ{X). □ 

From this, the Chinese remainder theorem for a Tambara functor immediately 

follows: 

Corollary 3.19. If ^i,. . . ^J'l C T are pairwise coprime ideals, then we have the 
following. 

(1) (^r • = ^i{Xy ■ -jTeiX) for any X e Ohicset). 

(2) j^r--j^^ = j?in---n 

(3) The projections T/(j^i- • -J^i) T/J^i {1 < i < £) induce an isomorphism 
of Tambara functors 

T/(j^r • -yt) T/J^i X • • • X T/J^e- 

Proof. (1) follows immediately from Corollary 3.18, by induction. By Corollary 
3.18, (2) and (3) can be confirmed on each X e Ob(Gse<), which is well known in 
the ordinary ideal theory for commutative rings. □ 

4. Prime ideals 
In the rest of this article, we assume T is non-trivial, namely T ^ 0. 
4.1. Definition of a prime ideal. 

Definition 4.1. An ideal p C T is prime if for any transitive X,Y G Oh{Gset) and 
any a e T{X), b e T{Y), 

(a)(6) Cp ^ aGp{X) or b G p{Y) 

is satisfied. Remark that the converse always holds. 

An ideal m C T is maximal if it is maximal with respect to the inclusion of ideals 
not equal to T. 

Remark 4.2. If C T is an ideal not equal to T, then by Zorn's lemma, there 
exists some maximal ideal m C T containing . 

Obviously, when G is trivial, the definition of a prime (resp. maximal) ideal 
agrees with the ordinary definition of a prime (resp. maximal) ideal. 
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Proposition 4.3. Any maximal ideal m C T is prime. 

Proof. Let X,Y e Oh{Gset) be transitive, and let a e T{X), b e T{Y). Suppose 
a ^ m{X) and b ^ m{Y). Tliis means m C (m+ (a)) and m C (m+ (6)), and we have 
m + (a) = T and m + (6) = T by the maximality of m. Thus (m + (a))(m + (6)) = 
TT = T. Since 

(m+ (a))(m+ (&)) = mm + m(a) + (&)m + (a)(6) 
C m + (a)(6) 

by Proposition 3.15, it follows m + (a)(6) = T, which means (a)(6) ^m. □ 

Proposition 4.4. Let p CT be an ideal. The following are equivalent. 

(1) p is prime. 

(2) i^or any pair of ideals J , C T , 

J^Cp ^ =^Cp or ^Cp 

is satisfied. {The converse always holds.) 

Proof. Obviously (2) implies (1). We show the converse. Suppose ^ ^ p and 
C p. By ^ ^p, there exist some transitive Y G Ob(Gsei) and 6 G a^{Y) such 
that 6 ^ p(i^)- For any transitive X G Ob(Gsef) and any a € -'^(-^), we have 

(a)(6) C ^ Cp. 

Since p is prime, we obtain a € p{X). Thus ^(-'f) ^ p(-'^) for any transitive 
X e Ob(Gsei), which means C p. □ 

By virtue of Corollary 3.12, Definition 4.1 is rewritten as follows. 

Corollary 4.5. An ideal p CT is prime if and only if the following two conditions 
become equivalent, for any transitive X,Y G Oh{Gset) and any a G T{X), 6 e 
T{Y): 

(1) For any C G Oh{Gset) and for any pair of diagrams 

C^D^X, cto'^Y, 

p(C) satisfies 

{v^w*{a))-{v[w'*{b))Gp{C). 

(2) aep{X) orbep{Y). 

Also remark that (2) always implies (1). 

4.2. Spectrum of a Tambara functor. 

Definition 4.6. For any Tambara functor T on G, define Spec{T) to be the set of 
all prime ideals of T. For each ideal y CT, define a subset V{y) C Spec{T) by 

V{J) {p e Spec{T) \y Cp}. 

Remark 4.7. For any Tambara functor T, we have the following. 

(1) V{.y) = if and only if = T. 

(2) vly) = Spec{T) if and only if C f] p. 

peSpec(T) 

Proof. (1) V{T) = is obvious. The converse follows from Remark 4.2 and 
Proposition 4.3. 
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(2) This is trivial. 

□ 

Proposition 4.8. For any Tambara functor T, the family {V{J') \ ^ CT ideal} 
forms a system of closed subsets of Spec{T). 

Proof By Remark 4.7, wc have V{{0)) = Spec{T) and V{T) = 0. By Proposition 

3.13, we have p| F(j^a) = ^( -^a) for any family of ideals {^aIagA- By Propo- 

AeA AeA 

sition 4.4, we have V{.J^/) = V{J) U V{/) for any pair of ideals J' , J QT . □ 
Regarding Proposition 2.12, we have the following. 

Theorem 4.9. Let Lp: T ^ S he a morphism in Tam{G). 

(1) (y9~^(q) C T becomes prime if q C S is a prime ideal. This gives a continu- 
ous map 

ifi": Spec{S) Spec{T) ; q ^ ^~^{(\). 

(2) Assume is surjective. Then, ^p{p) ^ S hecom,es prime if p C T is a prime 
ideal containing Kerip. This gives a continuous map 

(fif,: V{Ker(p) Spec{S) ; p H> (p{p). 

Proof. We use the criterion of Corollary 4.5. 

(1) Let q C 5 be a prime ideal. Firstly, since 1 e ip~^{q){X) would imply 

1 € q{X) C^X G Ob(Gset)), wc have ip'^iq) C T. 

Let a € T{X), b e T{Y) be any pair of elements with X,Y € Oh{cset) 
transitive, satisfying 

a i ^-\q)(X) = ^-^{S\{X)\ b i ^-\q){Y) = ^Y\q{Y)). 

Since q is prime, they satisfy 

(w«;*(<px(a))) • {v\w'*{^Ym) i q{C) 

for some 
Thus we have 

^c{{vm*{a)) ■ {v{w'*m = {v.w*{^x{a))) ■ {v\w'*{vY{h))) i q(C), 

which means {v\w*{a)) ■ {v[w'*{b)) ^ ip~^{q){C), and thus ip~^{c[) is prime. 
Moreover, we have 

{^'T\V{J)) = {q e 5pec(5) I ^ C ^-(q)} 
= {q e 5pec(S) I M^)) C q} 

for each ideal C T, which means 93" is a continuous map. Here, (p{^) Q 
5 is a subset defined by (yj(J^))(X) = (px{y{X)). 

(2) Let p C T be a prime ideal containing Ker ip. Firstly, since Ker C p and 
1 e (p{p){X) would imply 1 G p{X) X G Ohicset)), wc have (p{p) C S. 

Let c G S{X), d G SiY) be any pair of elements with X, F G Ohi^Qset) 
transitive, satisfying 

(4.1) c^v{p){X) = ^x{p{X)), d^^{p){Y)=^Y{p{Y)). 
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Since if is surjective, there exists some elements a S T{X) and h € T{Y) 
such that ifx{a) = c, ^Y{b) = d. By (4.1), it follows 

a^p{X), b^p{Y). 

Since p is prime, they satisfy 

{viw*{a))-{v{w'*{b))^p{C) 

for some 

By Ker C p, we have 

ipc{{v^w*{a)) ■ ivlw'*m i ^c{p{C)\ 

and thus 

{v\w* (c) ) • {v[w'* (rf) ) = («! w Vx (a) ) • (v[w'* ipy {b) ) 

= ^c{{v<w*{a))-{v{w'*{b))) 

i <^c(p(C)), 

which means iy?(p) C S" is prime. 
Moreover, we have 

{nr\^{J)) = {peV{Kerv)\jC^^{p)} 
= {p e V {Ker ip)\ip-\ jf)Cp} 

for each ideal ^ QS, which means (pj is a continuous map. 

□ 

Corollary 4.10. Let T be a Tambara functor and let J'^ C T be an ideal. Then 
the projection p: T ^ T/J^ induces a homeomorphism between Spec{T/^) and 
V{J') C Spec{T) 

p°-: Spec{TIJ) ^ V{y), 

with the inverse . 

Proof. This immediately follows from Theorem 4.9. □ 
Definition 4.11. A Tambara functor T is reduced if it satisfies 

n p=o- 

peSpec(T) 

Remark 4.12. U ip: T ^ S is a surjective map of Tambara functors, then for any 
family of ideals {J^aIaga of T containing Kerip, we have 

xeA xeA 

Proof. By Proposition 2.12, there is an ideal C -S* satisfying J^x = 
for each A e A. Since we have 

AeA AeA AeA 

c o^i^-'ux)) = n</A' 

AeA AeA 
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we have 

xeA AeA 

namely 

XeA XeA 

□ 

Corollary 4.13. For any Tambara functor T , if we define by 

Tred = T/ fl p, 
peSpec{T) 

then Tred becomes a reduced Tambara functor. Obviously, T is reduced if and only 

ifT = Tred- 

Moreover, the projection T — > T^ed induces a natural homeomorphism 

Pf. Spec{T) -> S'pec(Tred)- 

Proof. By Corollary 4.10, 

Pf-y{ n P) ^ •5pec(r,ed) ; p ^ ^(p) 

peSpec{T) 

is a bijection, and we have 

n 1= n pip)=p( n p)=(o) 

qGSpec(Tred) p6Spec(T) peSpec(T) 

by Remark 4.12. 

The latter part also follows from Corollary 4.10, since we have 

V{ n p) = Spec{T), 

peSpec{T) 

by Remark 4.7. □ 

Lemma 4.14. Let T,Ti,T2 be non-trivial Tambara functors on G, satisfying T = 
Ti X T2 as Tambara functors. Then any ideal of T is of the form x where 
C T\ and J'l C T2 are ideals. 

Moreover, for any ideals J^i C Ti and 0/2 C T2, ifte irfea/ ^1 x ^2 C T «s prime 
if and only if 

^\ = Ti anrf ^2 C T2 is prime 

or 

^1 C Ti is prime and J^2 = 3^2 

holds. 

Proof. The forepart immediately follows from the definition of an ideal. 

To show the latter part, we use the criterion of Proposition 4.4. Suppose x J^2 
is prime. Since 

(Ti X (0))((0) X T2) = (0) X (0) C ^1 X ^2, 

it follows 

Ti X (0) C ^1 X J^2 or (0) X T2 C j?i X J?2, 
namely, J^i = Ti or =/'2 = T2. 
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Suppose .^x =T\. Then, since 

(Ti X r2)/(Ti X ^2) = ^2/^2, 
Ti X J'l C T is prime if and only if J^2 ^ T2 is prime. □ 

Proposition 4.15. For any Tambara functor T , the following are equivalent. 

(1) Spec(T) is disconnected. 

(2) There exist coprime ideals J^, ^ C Tred swc/i that ^ (1 ^ = (0). 

(3) For any X G Oh{Gset), there exist a,b G rred(-'^) satisfying a + b = 1 and 
{a){b} = (0). 

(4) For some non-empty X e Oh{Gset), there exist a,b G T^ediX) satisfying 
a + b=l and {a){b) = (0). 

(5) There exists a pair of non-trivial Tambara functors Ti and T2, and an 
isomorphism of Tambara functors Tred — 7i x T2 . 

Proof. By Corollary 4.13, we may assume T is reduced, Tred = T. 

Suppose Spec{T) is disconnected. By definition of the topology on SpeciT), this 
is equivalent to the existence of ideals ,f ^ ^ C T satisfying 

V{.f) U V{ J) = Spec{T) and V{y) D V{J^) = 0. 

By Remark 4.7, this is equivalent to 

y r\ Jf = {Q) and J ^ J = T. 

Thus (1) is equivalent to (2). 
If T satisfies (2), then we have 

T = TI{J n ^) ^ TjJ y^T/ / 

by Corollary 3.19, and thus (5) follows. Besides, (5) implies (1) by Lemma 4.14, 
since we have Spec{T) = V{{<d) x T2) H V{Ti x (0)) (w SpeciTi) H Spec{T2)). Obvi- 
ously (3) implies (4), and (4) implies (2). Thus it remains to show that (2) implies 
(3). 

If there exist ideals ,^ , ^ C T satisfying (2), then for any X € Ob(Gsei), there 
exist a e -^{X) and b G ^ {X) such that a + 6 = 1 by Remark 3.17 In particular 
(a) and (&) are coprime, and we have 

(a)(6) = (a)n(6)C^n/ = (0), 

and thus (3) follows. □ 

We can take the radical of an ideal as follows. 

Proposition 4.16. Let y CT be an ideal. If we define a subset a/I/ Q T by 

VJ{X) = {aG T{X) I (a)" cy (3n e N)} 

for each X G Oh^cset), then becomes an ideal ofT. We call this the radical 
ofJ^. 

Proof First we show ^fj(X) C T(X) is an ideal for each X G Oh{Gset). 
Take any a,b G Vy{X), and suppose 

(a)" C (6)" C ^ 
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holds for m,n &N. Since a + 6 G ((a) + {b)){X), wc have 

{a + 6)™+" C ((a) + (6))'"+" = ^ (a)'"+"-'(6)' C j^, 

and thus a + b G ^[^(X). Besides, for any r S T'(-'i^), since ra G (a), we have 

(ra)" C (a)™ C j^, 

and thus ra e \fif{X). 

It remains to show a/I^ is closed under ()+,()!,()*. Take any / g Gset{X,Y) 
and any g G Gse<(VF, X). Since wc have 

U{a) e (a)(F), 

Ma) e (a)(r), 

5*(a) e (a)(W^) 
by the definition of an ideal, it follows 

{f+{a)r C {ar C ^, 

{Ma)r C (a)™ C j^, 

{9*{a)r ^ C J^, 

which means f+{a),f\{a) e ^{Y) and .9* (a) e □ 
Proposition 4.17. Let T be a Tambara functor. For any ideal CT, we have 

v^c Pi p. 

In particular, = (0) follows if T is reduced. 

Proof. Let X e Ob(Gsei) be any transitive G-set. For any a G ^^{X), there 
exists n e N such that (a)" C y. Thus for any p e V{J^), we have 

(a)" C ^ C p. 

Since p is prime, this means (a) C p, namely a G Thus we obtain y/y{X) C 

p{X). □ 

Corollary 4.18. V{y/y) = ^(j^^) holds for any ideal y CT. 

Proof By the definition of V^, we have C V^, which imphes V(J^) 3 V{y/y). 
Conversely, Proposition 4.17 means V{y) C y(vC/). □ 

4.3. Monomorphic restriction condition. Consider the following condition for 
a Tambara functor T, which we call the ^monomorphic restriction condition'. This 
condition will be frequently used in the next subsection. 

Definition 4.19. A contravariant functor 

F: Gset Set 

is said to satisfy monomorphic restriction condition (MRC) if it satisfies the follow- 
ing. 

(MRC) For any / G Gset{X, Y) between transitive X,Y G Oh{Gset), the restriction 
/* is monomorphic. 
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Obviously, (MRC) is equivalent to the following. 

(MRC)' For any transitive Y e Oh{Gset) and 7 e Gset{G/e,Y), the restriction 7* 
is monomorphic. (Moreover, this condition does not depend on the choice 

of 7.) 

Abbroviatoly, wc say a Tambara functor T satisfies (MRC) if T* satisfies (MRC). 

Example 4.20. A Tambara functor T satisfies (MRC) for example in the following 
cases. 

(1) T is a fixed point functor Vn associated to some G-ring R. 

(2) T is additively cohomological, and T{X) has no |G|-torsion for each tran- 
sitive X e Oh{Gset). Here \G\ denotes the order of G. 

Proof. (1) follows from the definition oi Vr. We show (2). Since T is additively 
cohomological, for any / e Gset{X,Y) between transitive X,Y G Oh{Gset), we 
have 

f+riy) = {deg f)y CyeT{Y)). 

Since deg/ divides |G| and T{Y) has no |G|-torsion, this implies /+/* is monomor- 
phic. Especially /* is monomorphic. □ 

Proposition 4.21. For any Tambara functor T on G, the following are equivalent. 

(1) T satisfies (MRC). 

(2) T is a Tambara subfunctor T C Vr for some G-ring R. 

Proof. Since Vr satisfies (MRC) , obviously (2) implies (1). To show the converse, 
we use the following. 

Lemma 4.22. 

(1) Let M = {M*,M^) and M' = {M'*,Ml) be two semi-Mackey functors on 
G, satisfying M* C M'* as monoid-valued contravariant functors Gset — 
Mon. 

{Namely, M{X) C M'{X) is a submonoid for each X G Oh{Gset) and 
satisfy M'*{f)\M(x) = M*{f) for any morphism f G Gset{X,Y).) 

If M'* {and thus also M*) satisfies (MRC), then we have M C M' as 
semi-Mackey functors. 

(2) // T and T' are Tambara functors satisfying (MRC) and if there exists 
an inclusive morphism of ring-valued contravariant functors l: T* ^ T'* , 
then L gives an inclusion of Tambara functors. Moreover if 1. : T* ^> T'* 
is an isomorphism of ring-valued functors, then i gives an isomorphism of 
Tambara functors, 

Suppose Lemma 4.22 is shown. Let T be a Tambara functor satisfying (MRC). 
Endow R = T{G/e) with the induced G-action, and take the fixed point functor 

Vr associated to R. 

For any < G, if we let p^ : G/e ^ G/H he the canonical projection, then we 
have 

T{G/H) T{G/e) 
by (MRC). Since this is G-equivariant and H acts on T{G/H) trivially, we obtain 

T{G/H) ^"S* T{G/e)". 
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This means {p^)* factors through = Vr{G/H), namely, there exists (uniquely) 
a ring homomorphism lh' T{G/H) Vr{G/H) which makes the following dia- 
gram commutative. 

T{G/e)^=VR{G/e) 



T{GIH) 



■Vr{GIH) 



Thus Lh becomes monomorphic by this commutativity. It can be shown that 
{t'H}H<G is compatible with conjugation maps. Besides, for any K < H < G, we 
obtain a commutative diagram 



■VRiG/e) 



T{G/Kf 

T{G/H)^VrCg/H). 

By the additivity of T* and V^, it turns out that {lh}h<g yields a injective nat- 
ural transformation l: T* ^ of ring- valued contravariant functors. By Lemma 
4.22, T M- Vr becomes a inclusive morphism of Tambara functors, and T can 
be regarded as a Tambara subfunctor of Vr through t. 



Thus it remains to show Lemma 4.22. 

Proof of Lemma 4-22. Remark that (2) follows immediately if we apply (1) to the 
additive and multiplicative parts respectively. Thus we only show (1). 
It suffices to show 

Mi{f)\Mix) = M^f) 

for any morphism / € Gset{X,Y). Furthermore, it is enough to show this for 
transitive X,Y & Oh{Gset). 

Let / e Gset{X,Y) be any morphism between transitive X,Y G Oh{Gset). Let 
7f € Gset{G/e,Y) be a morphism, and take a puUback diagram 



X'' 



-^X 



(4.2) 



□ 



G/e- 



■^Y . 



Since any point of X' has the stabilizer equal to e, we may assume (4.2) is of the 
form 



l<i<n 
V 



□ 



G/e- 



7r 



for some Ci, • • • , Cn € Gset{G/e, X). 



-^X 



Y 
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By the Mackey condition, for any x G M{X) (C M'{X)), we have 
M'*(7y)M,(/)(x) = M*(7y)M,(/)(x) 
= ^ M*{Q){x) 

l<i<n 
l<i<n 

= M'*(7y)M:(/)(x). 
Since M'*(7y) is monomorphic, we obtain 

M.{f){x) = Mi{f){x) Cx€M{X)), 
which means (/) = (/) | m(x) • □ 

□ 

As in the proof of Lemma 4.22, any Tambara functor T satisfying (MRC) be- 
comes a Tambara subfunctor of VriG/e)- It will be a natural question whether, 
for a ring R, there exists a non-trivial Tambara subfunctor T C "Pjj satisiying 
T{G/e) = R. The following gives some criterion and a counterexample. 

Example 4.23. 

(1) Let F be a field satisfying (char(F), IGj) = 1. If a Tambara subfunctor 
T CV^ satisfies T{G/e) = F, then it satisfies T = Vw- 

(2) Let G = Z/pZ for some prime number p, let fc be a field with characteristic 
p, and let R = fc[X] be a polynomial ring, on which G acts trivially. Then 
Vr admits a Tambara subfunctor T defined by T(G/e) = R and T{G/G) = 
ijP = {/P I / g ij}. 

Proof. (1) It suffices to show T{G/H) = Vr{G/H) holds for any H <G. Let 
X e Vv{G/H) = ¥^ be any element. Remark that we have 

(4.3) {p^)+{p^)\x) = \H\-x, 

where \H\ is the order of H. Since (char(F), IGj) = 1 by assumption, we 
can easily show jj^x e VviG/H). Applying (4.3) to |^a;, we obtain 

{pf)+i.vfr{^^x) = \H\-^^x = x. 

Since T is closed under Vv+ and T(G/e) = F 9 |^(pf )*(a;), it follows 
that 

^-(Pf) + (^(pf)*(-^)) ^T{G/H). 

(2) Since G acts on R trivially, it suffices to show T is closed under 'P^{p^), 
pR+ipf), and VrM')- 

Since T{G/e) = R, obviously we have V^{pf){T{G/G)) C T(G/e). 
Moreover, since 

iVR+ipfmf) =pf = o, {VR.{pf)){f) = r 

for any / e i?, we obtain 

PR+{p^mG/e)) C r(G/G) 
VR.ipfmG/e)) C T(G/G). 
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□ 

Let T be any Tambara functor. As in Proposition 2.14, there exists an ideal 

associated to the zero-ideal (0) C T{G/e). If we define Tmrc G Oh{Tam{G)) 
by Tmrc = T/J^^^y then Tmrc gives the ^canonical {MRC)-zation' of T. More 
precisely, we have the following. 

Theorem 4.24. Let Tam^^^ C Tam{G) denote the full subcategory of Tambara 

functors satisfying (MRC). Then the following holds. 

(1) For any T € Oh{Tam{G)), we have Tmrc G Ob(Tam(g^^). 

(2) The correspondence T ^ Tmrc gives a functor 

( )mrc: Tam{G) ^ Tam'^Jf . 

(3) The functor in (2) is left adjoint to the inclusion Tam(^^^ Tam{G). 

Proof. (1) For any G-invariant ideal / C T{G/e), the quotient T/j^/ satisfies 
(MRC). In fact, for any transitive X G Oh{Gset) and 7 G Gset{G/e,X), 
we have 

((T/j^,)*(7))-i(0) = {T*{j))-\l)/i,MX)) = ^jiX)/,MX) = 0. 

(2) Let 1^: T — >• 5' be a morphism in Tam(G). For any X € Ohi^cset) and any 
7 G Gset{G/e,X), we have a commutative diagram 



T(G/e) 

7* 
T(X) 



5(G/e) 

7* 



Thus we have 



c 



n (7*)"'(o) 

7eGsef(G/e,Jf) 

n ^xibT'm 

^eGset{G/e,X) 



which implies J^^-^^ C ^(j^^^^). Thus there exists uniquely 



(f e Tarn (G) (Tmrc, Smrc) (= Tarn ('g']''"^ (Tmrc, 'S'mrc)) 
which makes the following diagram commutative. 



T- 
Tmrc 



o 



p 

'S'mrc 



where and denote the canonical projections of Tambara functors. 
By the uniqueness, immediately we obtain a functor ( )mrc ■ Tam{G) — >■ 



Tarn 



MRC 
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(3) This also follows immediately from the above argument. In fact, for any 
T e Oh{Tam{G)) and any S e Oh{Tam^^'^), we have a natural bijection 



Tam{G){T, S). 



□ 



Example 4.25. 

(1) If T satisfies (MRC), then naturally we have T = Tmrc- 

(2) ^^MRC — 'Pz, where G acts trivially on Z in the right hand side. 

Proof. (1) is trivial. We show (2). First we remark the following. 

Remark 4.26. For each H < G, let 0(H) denote a set of representatives of conju- 
gacy classes of subgroups of H. 0{H) has a partial order defined by 

K<L ^ K <L^ fox some h&H 

for K,Le 0{H). U K ^ L and K ^ L'' for any hGH,we write K ^ L. 
il{G/H) is a free module over 

{G/K = {G/K ^ G/H) I K e 0{H)}, 

where : G/K — > G/H is the canonical projection. 

Especially, for any transitive X = G/H G Oh{Gset), any a S Q{X) can be 
decomposed uniquely as 



(4.4) 



rnxG/K (mx e Z). 

KeO{H) 



We construct an isomorphism of Tambara functors 

Let pe : ^MRc{G/e) — > Z be the ring isomorphism given by 
Pe(m {G/e G/e)) = m i^mG Z). 
For any H < G, put pH = Pe° [PeY- This is a ring homomorphism. 

f^MRC {G/ G) 



f^MRC {G/ H) 
(Pf)*| o 
Omrc {G/K) 




Ck <'^H<G) 



Omrc (G/e) 



Remark that {p^)* ■ SImrc{G/H) — >• fiMRc(G/e) is monomorphic by Theorem 
4.24. Thus pH is monomorphic for any H < G. On the other hand, for any m £ Z 
we have 

PH{m{H/H 4 H/H)) = pe{m{e/e 4 e/e)) = m. 



IDEALS OF TAMBARA FUNCTORS 



29 



and thus pH becomes surjective. Thus pH is an isomorphism for each H < G. As 
a corollary {p^)* becomes an isomorphism, and we obtain a commutative diagram 

Hmrc (G/H) Z 



fiMRC {G/K) 



idz 



It can be easily shown that {ph}h<g is also compatible with conjugation maps, 
and thus form an isomorphism 

P- ^MRC ^ 

of ring-valued contravariant functors aset — >■ Ring. By Lemma 4.22, p gives an 
isomorphism of Tambara functors p: ^mrc T^z- D 

Example 4.27. As we have seen in the proof of (1) in Theorem 4.24, if an ideal 
C T satisfies T/.^ ^ 0\,[Tamf§^'), then J' can not be written J = Ji for 

any G-invariant ideal / C T{G/e). 

Consequently, if : T — >• 5 is a morphism of Tambara functors and if S does not 

satisfy (MRC), then Kerip is not of the form y = J^j, since we have T/Kenp = 

Imip C 5 by Remark 2.11. 

For example, if we use the Tambarization functor ([3], [4]), we can construct such 

an example. For any semi-Mackey functor M on G, if we denote its Tambarization 

by f2[M], then by the functoriality of the Tambarization, 

ido 

yields a commutative diagram of Tambara functors 

n[M] p 



idn 



Since does not satisfy (MRC), Kerp is not of the form J^j. Also remark that we 
have n[M]/Kerp'^n. 



4.4. Domains and fields. In the commutative ring theory, a ring R is an integral 
domain (resp. a field) if and only if (0) C i? is prime (resp. maximal). In a similar 
way we define a 'domain-like' (resp. 'field-like') Tambara functor, and show some 
analogous properties. 

Definition 4.28. Let T be a Tambara functor. 

(1) T is domain-like if (0) C T is prime. 

(2) T is field-like if (0) C T is maximal. 

As a corollary of the arguments so far, we have: 

CoroUciry 4.29. Let T be a Tambara functor, and CT be an ideal. 

(1) .y C T is a maximal ideal if and only if T / ^ is field-like. 

(2) J? C.T is a prime ideal if and only if T j J" is domain-like. 

(3) // T is field-like, then T is domain-like. 
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(4) // T is domain-like, then T is reduced. 

Proof. (1) follows from Proposition 2.12. (2) follows from Theorem 4.9. (3) follows 
from Proposition 4.3. (4) is trivial. □ 

Corollary 4.30. For any Tambara functor T, the following are equivalent. 

(1) T is domain-like. 

(2) For any transitive X,Y G Oh{Gset) and any non-zero a G T{X), b G T{Y), 
there exists a pair of diagrams 

C^D^X and C^D'^Y, 

such that 

{v,w*{a))-{v{w'*{b))T^O. 
Proof. This immediately follows from Corollary 4.5. □ 

Proposition 4.31. IfT satisfies (MRC) and T{G/e) is an integral domain, then 

T is domain-like. 

Proof. We use the criterion of Corollary 4.30. Let a € T{X) and b £ T{Y) be any 
pair of elements, with transitive X,Y G Ob(Gset). Suppose 

{vm*{a))-{v\w'*ib))=0 

is satisfied for any C A _D X, C -f- £*' Especially for morphisms 

7: G/e ^ X and 7': G/e Y, we have 7*(a)7'*(6) = 0. Since T{G/e) is an 
integral domain, this is equivalent to 

7*(a)=0 or y*{b) = 0, 

which is, in turn, equivalent to 

a = or 6=0. 

□ 

Theorem 4.32. For any Tambara functor T ^ 0, the following are equivalent. 

(1) T is field-like. 

(2) T satisfies (MRC), and T{G/e) has no non-trivial G-invariant ideal. 

Proof. First we show (1) implies (MRC). 

Suppose T does not satisfy (MRC)'. Then there exist transitive X G Ob(Gsei) 
and non-zero a G T{X) such that 

7o(«) = 

holds for some 70 € Gset{G/e,X). Since any G-map 7 G Gset{G/e,X) can be 
written as 7 = 70 o / for some / G aset{G/e, G/e), it follows that 

(4.5) ^*(„)=/*^*(a)=0 C^GGset{G/e,X)). 

Recall that, by Proposition 3.4, we have 

(a)(G/e) = {p+ic ■ iv,w*{a))) \G/e^Ci^D^A, c G T(C)}. 

In this notation, since any point in D has stabilizer equal to {e}, (4.5) implies 
w*{a) = 0. Consequently we have {a) (G/e) = 0, and thus 

(0) C (a) C T, 
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which means (0) C T is not maximal. 

Second, we show (1) imphes that T{G/e) has no non-trivial ideal. Suppose 
T{G/e) has a non-trivial ideal 7^ 7 C T{G/e). By Proposition 2.14, there is an 
ideal satisfying J'i{G/e) = I. Thus (0) C T is not a maximal ideal. 

Conversely, we show (2) implies (1). It suffices to show, for any transitive X e 
Ob(Gsef), any non-zero clement a E T{X) satisfies (a) = T. 

Take any 7 G Gset{G/e,X). By (MRC) we have ^ 7*(a) e (a)(G/e). Since 
{a){G/e) is a G-invariant ideal of T{G/e), this implies {a){G/e) = T{G/e). By 
Proposition 2.13, it follows (a) = T. □ 

Theorem 4.32 also can be shown using the following. 

Remark 4.33. For any Tambara functor T, the set of maximal ideals of T is bijective 
to the set of G-invariant ideals of T{G/e) maximal with respect to the inclusion. 

Proof. This immediately follows from Proposition 2.14. 

□ 

Example 4.34. 

(1) If F is a G-ring where F is a field, then Vr is field-like. 

(2) If i? is a G-ring where R is an integral domain, then Vr is domain-like. 

However, even if T is field-like, T{G/e) is not necessarily an integral domain as 
in the following example. 

Example 4.35. Let G = 6„ be the n-th symmetric group. Let F be a field, and 
let R be the product of n-copies of F, on which G acts by 

for any a G S„ and {xi, . . . ,Xn) € R. Then Vr becomes a field-like Tambara 
functor by Theorem 4.32. 

On the other hand, we have the following. 

Remark 4.36. For any field-like Tambara functor T, the following holds. 

(1) T{G/ef is a field. 

(2) T(G/G) is a subfield of T{G/e)^. 

Proof. (1) For any G-invariant x G T{G/e), we have 

{x){G/e) = {rx\reT{G/e)} 

by Proposition 3.4. If a; ^ 0, we have (x)(G/e) 9 1, and thus there exists some 
r G T{G/e) satisfying rx = 1. 

(2) Remark that T satisfies (MRC), and (pf)* : T{G/G) ^ T{G/e)^ is injective. 
Since T is a Tambara subfunctor of VT{G/e) by Proposition 4.21, we have 

(4.6) (pf).(pf)*(x)=xl«l 

for any x € T{G/e). Since {p'^)*{x) is G-invariant, it is invertible in T(G/e) by (1) 
if a; ^ 0. By (4.6), it follows that a; ^ is invertible in T{G/G). □ 
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In the rest, we show 17 G Oh{Tam{G)) is a domain-hke Tambara functor, for any 
finite group G. 

We use the notation in Remark 4.26. Recall that for any transitive X = G/H e 
Ob(Gsei), any a G Q,{X) can be decomposed uniquely as 

a = ^ ttikG/K (tokGZ) 

= mX + ^2 iT^K G/K {rriK € Z, m = mjj) 

mQ.[X). We denote this integer m by px{a)- This defines a ring homomorphism 

px ■ 0.{X) Z. 

Proposition 4.37. Let X e Ob(Gset) he transitive. For any a G 0,{X), we have 

PG/G{{P^x)\{a)) = Px{a). 
Proof. We use the following lemmas. 

Lemma 4.38. Suppose a = {A A- X) where A is a transitive G-set over X satis- 
fying Gset{X,A) = 0. Then we have 

Pg/gHp^xHO')) =0. 

Lemma 4.39. For any a,b G ^{X), we have 

Pg/g ( (ptx )! (a + ^) )= Pg/g ( (ptx )!(«))+ Pg/g ( (ptx )!(&)) • 

Assume Lemma 4.38 and Lemma 4.39 are shown. Since 

PG/G((ptx)!(^)) = PG/G((ptx)!(l)) = 1, 

it follows 

PG/G{{pix)\{mX)) = m (^meZ) 

by Lemma 4.39. Thus Proposition 4.37 hold for a = raX (m G Z). 
By Remark 4.26, for any X = G/H, any a E il{X) is decomposed as 

a = mX + niK G/K [m, tuk S Z). 

Since Gset{X, G/K) = $ for any K -< H, we have 

PG/Giiptx)i{G/K)) = 

by Lemma 4.38. 

Thus by Lemma 4.39, we obtain 

PG/GiiP^xHa)) = PG/G{{vix)i{mX))+ ^ 'fnKpG/Giiv^xHG/K)) 

= m, 

and thus Proposition 4.37 follows. 

Thus it remains to show Lemma 4.38 and Lemma 4.39. 
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Proof of Lemma 4-38. By the definition of (pt^)!, we liave 
(pt^)!(a) = npt^(A) 

= {a \ a: X ^ A is a map of sets, poa = idx}- 

If there exists cr € Hpt^ (A) such that = G, then it means a is a G-niap from 
X to A. which contradicts to Qset{X, A) = 0. Thus any a G Ilpi^{A) does not 
have stabihzcr equal to G, and thus Pg/g{{p'^x)^X'^)) = 0- D 

Proof of Lemma 4.39. In the notation of Remark 1.4 (by letting / = ptjf ), we have 

(pt^)!(a + b) = (pt^).(a + b) = s+(i.r*(a) • ty^ib)). 

Remark that V = G/G x {C \ C C X} = {C \ C C X}. Since X is transitive, 
C gV has stabilizer equal to G if and only if C = or C = X. Thus V decomposes 
as 

V = V,UVoU Vu 

where = {0}, Vt = {X}^ and Vo is their complement Vg = V\{VeDVi), which 
does not contain any point with stabilizer G. 

Under the identification ^{V) = ri(Ve) x f2(Vo) x ^{Vt), we write any v G ^{V) 

as 

V = (We,Wo,«l), 

where e ^^(Ve), Vg £ r2(Vo), Vi e Looking at stabilizers, we can show 

(4-7) Pg/g{s+{v)) = pvA-^h) + PVtivi). 

Since t{U) = K E 14 and t'{U') = V.RVo, wc have 

t.r*(a) = (l,(t.r*(a))„,(t.r*(a))t), 

= ((iy*(&))e,(iy*(&))p,i), 

and, 

t,r*{0) = (1,0,0), 
i:r'*(0) = (0,0,1). 

By (4.7), we have 

(4.8) PG/G{{ptxHa + b)) = PG/G{s+{t.r*{a)-t:r'*{b))) 

= PvA{ty*{b)),)+Pv.{{t.r*{a)),). 
Especially, if we let a = or 6 = 0, then we obtain respectively 

(4.9) PG/Giivtxm) = PvAty^ib),), 

(4.10) PG/Giiptxhia)) = pv,(.t,r*{a)i). 
By (4.8), (4.9) and (4.10), we obtain 

PG/G{{ptx)<.{a + b)) = PG/G{{ptx)<.{a)) + PG/G{{ptx)<{b))- 

□ 

□ 

Theorem 4.40. For any finite group G, the Burnside Tambara functor fl on G is 
domain-like. 

Proof. We use the following lemma. 
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Lemma 4.41. For any transitive X G Oh{Gset) and any non-zero a G T{X), there 
exist some transitive Xa and a G-map Va € Gset{Xa,X) such that 

Suppose Lemma 4.41 is proven. Let a G T{X), b G T(Y) be arbitrary non-zero 
elements, with X,Y G Oh{Gset) transitive. By Lemma 4.41, there exist transitive 
Xa, Yb and Va & Gset{Xa,X), e Gsetiyi^Y) such that 

By Proposition 4.37, we have 

pG/GmxJK{a)) ^ 0, PG/G((pti>j!Z^6(&)) 7^ 0. 

Since pg /g is a ring homomorphism, it follows 

Pg/g{ m^JKio)) ■ {{pty^),u;ib)) ) ^ 0. 

In particular ((pt^ )!^o('*)) ' ((pti>i,)!^5 (^)) 0- By Corollary 4.30, this means O 
is domain-like. 

Thus it remains to show Lemma 4.41. 

Proof of Lemma 4-41 ■ We may assume X = G/H for some H < G. As in Remark 
4.26, decompose a as 

a= rnxG/K. 

KeO{H) 

Remark that, for each K,L G 0{H), wc have 

PG/K{{PKnG/L))^0 ^ K<L. 
Thus, if we take a maximal element K in the set associated to a 
5„ = {i e 0{H) I ruL ^ 0}, 

then this K satisfies 

mjf ^ and mz, = {K L < H), 

and we have 

by the additivity of {p^T and Pq/k- D 

□ 

As a corollary of arguments so far, wc obtain a strict inclusion Spec(Cl(G / e)) C 
Spec{Q) as follows. Combined with Theorem 4.40, we may conclude that the 
(prime) ideal theory discussed in this article is a more precise tool for a Tambara 
functor T, than the ordinary ideal theory for T{G/e). 

Corollary 4.42. Let G be a finite group. The correspondence 

: Spec{Q.{G/e)) = Spec{Z) Spec{n) ; p ^ J^p 

gives a strict inclusion Spec{Q.{G / e)) C Spec{Q). 
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Proof. As in Remark 4.33, sends maximal ideals of n{G/e) to maximal ideals 
of il bijectively. Besides, by Example 4.25 and Proposition 4.31, we see that J^(o) C 
f2 is also prime. 

Thus we obtain a map 

J^(_) : Spec{n{G/e)) Spec{n) ; J^, 

which is obviously injective. 

Moreover, Theorem 4.40 means (0) C is a prime ideal. Since il does not satisfy 
(MRC), this ideal is not of the form Ji. □ 
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